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Compressed Sensing: Definition

min ∥x∥ℓ1 subject to ∥Ax − y∥ℓ2 ≤ ϵ (1)

argmin
x

∥Ax − y∥2 + λ ∥Rx∥1 (2)
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Compressed Sensing MRI
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Compressed Sensing: Funny Intro from Miki Lustig
Source: https://people.eecs.berkeley.edu/~mlustig/comics0.html
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Compressed Sensing
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Ingredients in Compressed Sensing

1. Sparsity

2. Incoherence: Non-uniform sampling

3. Non-linear reconstruction
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Examples of Sparsity Transform: Wavelet & Total Variation
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Uniform Undersampling
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Non-Uniform Undersampling: Poisson
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Non-Uniform Undersampling: Radial
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Non-Uniform Undersampling: Spiral
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Understand Incoherence via Point Spread Function (PSF)
▶ the response of a focused optical imaging system to a point source or point object
▶ the impulse response function of a focused optical imaging system
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Non-Linear Reconstruction

1. ℓ1 regularization with soft thresholding for linear inverse problem
▶ Beck A, Teboulle M. A fast iterative shrinkage-thresholding algorithm for linear

inverse problems. SIAM J Imaging Sciences (2009).

2. Non-linear model-based reconstruction
▶ Block KT, Uecker M, Frahm J. Model-based iterative reconstruction for radial fast

spin-echo MRI. IEEE Trans Med Imaging (2009).
▶ Fessler JA. Model-based image reconstruction for MRI. IEEE Signal Process Mag

(2010).
▶ Doneva M, Börnert P, Eggers H, Stehning C, Sénégas J, Mertins A. Compressed

sensing reconstruction for magnetic resonance parameter mapping. Magn Reson
Med (2010).

▶ Ma D, Gulani V, Seiberlich N, et al. Magnetic resonance fingerprinting. Nature
(2013).
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Let’s Begin with Parallel Imaging as Linear Inverse Problem

argmin
x

∥y − PFCx∥2 + λ ∥x∥2 (3)
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Solution

▶ Gradient update rule:

x (k+1) = x (k) − αC∗F−1P∗(y − PFCx (k)) (4)

▶ Can be solved efficiently by gradient descent, conjugate gradient, ...
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Sparsity Constraint

argmin
x

∥y − PFCx∥2 + λ ∥Rx∥1 (5)

▶ ℓ1 function is not differentiable

Feng ZH, Kittler J, Awais M, Huber P. Wing loss for robust facial landmark localisation with CNN. CVPR (2018).
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Fast Iterative Soft Thresholding (FISTA)

▶ the function p is defined as:

x (k+1) = Tλα(x (k) − αAT (Ax (k) − b)) (6)

Tc = (|x | − c)+sgn(x) (7)
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Toy Example
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Beyond 2D: k-t Sparsity 1

1Lustig M, Santos JM, Donoho DL, Pauly JM. k-t SPARSE: High frame rate dynamic MRI exploiting spatio-temporal sparsity. ISMRM (2006).
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Non-Linear Model-Based Reconstruction

▶ From parallel imaging to high-dimensional imaging

▶ Can we chain the Bloch equation into the parallel imaging forward model?

argmin
x

∥y − PFCBx∥2 + λR(x) (8)

▶ Examples of B:

B(M0,T2) := M0 · e−t/T2 (9)

B(Mss,M0,T1) := Mss − (Mss +M0) · e−t/T∗
1 (10)

B(W,F,T ∗
2 , fB0) := (W+ F · zt) · e−i2πfB0 t · e−t/T∗

2 (11)

· · · (12)
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Example: Phase-Contrast Flow
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Example: Fat, T ∗
2 , and B0 Field Inhomogeneity
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Low Rank
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Matrix Rank 2

▶ In linear algebra, the rank of a matrix is the dimension of the vector space
spanned by its columns.

▶ Matrix rank can be computed via singular value decomposition (SVD).

2https://en.wikipedia.org/wiki/Rank_(linear_algebra)
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Spatio-Temporal Imaging
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Spatio-Temporal Imaging
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Toy Example

dynamic image seris spatio-temporal matrix eigenvalues
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Locally Low Rank 3

3Zhang T, Pauly JM, Levesque IR. Accelerating parameter mapping with a locally low rank constraint. Magn Reson Med (2015).
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Low Rank Approximation of Bloch Models 4,5

▶ define echo images with the shape [Nx ,Ny ,Nt ]

ρt = M0 · e−t/T2 (13)

▶ With low rank approximation

ρ = Φα (14)

Φ : [Nt ,K ] (15)

α : [Nx ,Ny ,K ] (16)

▶ K << Nt AND It’s a linear model!

4Huang C, Graff CG, Clarkson EW, Bilgin A, Altbach MI. T2 mapping from highly undersampled data by reconstruction of principle component
coefficient maps using compressed sensing. Magn Reson Med (2012).

5Tamir JI, Uecker M, Chen W, et al. T2 shuffling: sharp, multicontrast, volumetric fast spin-echo imaging. Magn Reson Med (2017).
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Low Rank Image Reconstruction

argmin
x

∥y − PFCΦx∥2 + λR(x) (17)
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Low Rank for Magnetic Resonance Fingerprinting (MRF) 6

6Zhao B, Setsompop K, Adalsteinsson E, et al. Improved MRF reconstruction with low-rank and subspace modeling. Magn Reson Med (2018).
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Structured Low Rank

▶ Mapping image series into structured matrices (e.g., Toeplitz or Hankel) to restore
the complete image series

▶ MR examples:

1. ESPIRiT: coil calibration; where SENSE meets GRAPPA;

2. MUSSELS: multi-shot diffusion MRI reconstruciton.
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ESPIRiT: An eigenvalue approach to autocalibrating parallel MRI
▶ Walsh DO, Gmitro AF, Marcellin MW. Adaptive reconstruction of phased array

MR imagery. Magn Reson Med (2000).

▶ Zhang J, Liu C, Moseley ME. Parallel reconstruction using null operations. Magn
Reson Med (2011).

▶ Lai P, Lustig M, Brau AC, Vasanawala S, Beatty PJ, Alley M. Efficient L1SPIRiT
reconstruction (ESPIRiT) for highly accelerated 3D volumetric MRI with parallel
imaging and compressed sensing. ISMRM (2010).

▶ Lustig M, Lai P, Murphy M, Vasanawala SS, Elad M, Zhang J, Pauly JM. An
eigen-vector approach to autocalibrating parallel MRI, where SENSE meets
GRAPPA. ISMRM (2011).

▶ Uecker M, Lai P, Murphy MJ, et al. ESPIRiT - an eigenvalue approach to
autocalibrating parallel MRI: where SENSE meets GRAPPA. Magn Reson Med
(2014).
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ESPIRiT
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ESPIRiT
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ESPIRiT
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Example: ESPIRiT on Reduced FOV Imaging

RSS :
√∑

i (ci · ρ)2
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Step #1: Retrospective Undersampling

Curious about the black space on the left and the right sides of k-space?

→ Shimron E, Tamir JI, Wang K, Lustig M. Implicit data crimes: machine learning
bias arising from misuue of public data. Proc Natl Acad Sci U.S.A. (2022).
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Step #2: ESPIRiT with 1 Set of Coil Sensitivity Maps
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Step #3: SENSE Reconstruction

argmin
x

∥y − PFCx∥2 + λ ∥x∥2 with x ∈ CNx×Ny (18)
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Step #4: ESPIRiT with 2 Sets of Coil Sensitivity Maps
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Step #5: Soft SENSE Reconstruction

argmin
x

∥∥∥∥∥∥y − PF
2∑

j=1

(Cjxj)

∥∥∥∥∥∥
2

+ λ ∥x∥2 with x ∈ CNx×Ny×2 (19)
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MUSSELS
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MUSSELS
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Comparing LLR and MUSSELS for Multi-Shot EPI 7

7https://doi.org/10.1162/imag_a_00085
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Beyond Low Rank: 0.7 mm Isotropic Diffusion MRI
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Questions

1. Why are images from Poisson sampling so blurry?

2. Given that MR images are complex-valued, how is soft thresholding performed?

3. A dictionary is required to ”learn” the subspace matrix Φ, what defines the shape
of the dictionary?
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Beyond Compressed Sensing: What do you spot in this figure?
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Summary

▶ Compressed sensing:

1. incoherent sampling;

2. sparsity ℓ1 constraint.

▶ Low rank:

1. representation of high-dimensional data in low dimension;

2. beneficial to multi-contrast, dynamic imaging.

▶ If you are interested in the topics and look for research projects, reach out
zgtan@umich.edu

62 / 62

mailto:zgtan@umich.edu


Summary

▶ Compressed sensing:

1. incoherent sampling;

2. sparsity ℓ1 constraint.

▶ Low rank:

1. representation of high-dimensional data in low dimension;

2. beneficial to multi-contrast, dynamic imaging.

▶ If you are interested in the topics and look for research projects, reach out
zgtan@umich.edu

62 / 62

mailto:zgtan@umich.edu


Summary

▶ Compressed sensing:

1. incoherent sampling;

2. sparsity ℓ1 constraint.

▶ Low rank:

1. representation of high-dimensional data in low dimension;

2. beneficial to multi-contrast, dynamic imaging.

▶ If you are interested in the topics and look for research projects, reach out
zgtan@umich.edu

62 / 62

mailto:zgtan@umich.edu

	Funny Intro to Compressed Sensing
	Compressed Sensing
	Low Rank

	anm0: 
	0.199: 
	0.198: 
	0.197: 
	0.196: 
	0.195: 
	0.194: 
	0.193: 
	0.192: 
	0.191: 
	0.190: 
	0.189: 
	0.188: 
	0.187: 
	0.186: 
	0.185: 
	0.184: 
	0.183: 
	0.182: 
	0.181: 
	0.180: 
	0.179: 
	0.178: 
	0.177: 
	0.176: 
	0.175: 
	0.174: 
	0.173: 
	0.172: 
	0.171: 
	0.170: 
	0.169: 
	0.168: 
	0.167: 
	0.166: 
	0.165: 
	0.164: 
	0.163: 
	0.162: 
	0.161: 
	0.160: 
	0.159: 
	0.158: 
	0.157: 
	0.156: 
	0.155: 
	0.154: 
	0.153: 
	0.152: 
	0.151: 
	0.150: 
	0.149: 
	0.148: 
	0.147: 
	0.146: 
	0.145: 
	0.144: 
	0.143: 
	0.142: 
	0.141: 
	0.140: 
	0.139: 
	0.138: 
	0.137: 
	0.136: 
	0.135: 
	0.134: 
	0.133: 
	0.132: 
	0.131: 
	0.130: 
	0.129: 
	0.128: 
	0.127: 
	0.126: 
	0.125: 
	0.124: 
	0.123: 
	0.122: 
	0.121: 
	0.120: 
	0.119: 
	0.118: 
	0.117: 
	0.116: 
	0.115: 
	0.114: 
	0.113: 
	0.112: 
	0.111: 
	0.110: 
	0.109: 
	0.108: 
	0.107: 
	0.106: 
	0.105: 
	0.104: 
	0.103: 
	0.102: 
	0.101: 
	0.100: 
	0.99: 
	0.98: 
	0.97: 
	0.96: 
	0.95: 
	0.94: 
	0.93: 
	0.92: 
	0.91: 
	0.90: 
	0.89: 
	0.88: 
	0.87: 
	0.86: 
	0.85: 
	0.84: 
	0.83: 
	0.82: 
	0.81: 
	0.80: 
	0.79: 
	0.78: 
	0.77: 
	0.76: 
	0.75: 
	0.74: 
	0.73: 
	0.72: 
	0.71: 
	0.70: 
	0.69: 
	0.68: 
	0.67: 
	0.66: 
	0.65: 
	0.64: 
	0.63: 
	0.62: 
	0.61: 
	0.60: 
	0.59: 
	0.58: 
	0.57: 
	0.56: 
	0.55: 
	0.54: 
	0.53: 
	0.52: 
	0.51: 
	0.50: 
	0.49: 
	0.48: 
	0.47: 
	0.46: 
	0.45: 
	0.44: 
	0.43: 
	0.42: 
	0.41: 
	0.40: 
	0.39: 
	0.38: 
	0.37: 
	0.36: 
	0.35: 
	0.34: 
	0.33: 
	0.32: 
	0.31: 
	0.30: 
	0.29: 
	0.28: 
	0.27: 
	0.26: 
	0.25: 
	0.24: 
	0.23: 
	0.22: 
	0.21: 
	0.20: 
	0.19: 
	0.18: 
	0.17: 
	0.16: 
	0.15: 
	0.14: 
	0.13: 
	0.12: 
	0.11: 
	0.10: 
	0.9: 
	0.8: 
	0.7: 
	0.6: 
	0.5: 
	0.4: 
	0.3: 
	0.2: 
	0.1: 
	0.0: 


